The recent study in AdS 3 /CFT 2 correspondence shows that the tree level contribution and 1-loop correction of holographic Rényi entanglement entropy (HRE) exactly match the direct CFT computation in the large central charge limit. This allows the Rényi entanglement entropy to be a new window to study the AdS/CFT correspondence. In this paper we generalize the study of Rényi entanglement entropy in pure AdS 3 gravity to the massive gravity theories at the critical points. For the cosmological topological massive gravity (CTMG), the dual conformal field theory (CFT) could be a chiral conformal field theory or a logarithmic conformal field theory (LCFT), depending on the asymptotic boundary conditions imposed. In both cases, by studying the short interval expansion of the Rényi entanglement entropy of two disjoint intervals with small cross ratio x, we find that the classical and 1-loop HRE are in exact match with the CFT results, up to order x 6 . To this order, the difference between the massless graviton and logarithmic mode can be seen clearly. Moreover, for the cosmological new massive gravity (CNMG) at critical point, which could be dual to a logarithmic CFT as well, we find the similar agreement in the CNMG/LCFT correspondence. Furthermore we read the 2-loop correction of graviton and logarithmic mode to HRE from CFT computation. It has distinct feature from the one in pure AdS 3 gravity. *
Introduction
Entanglement entropy has been under active study in the past decade. It is defined as the von Neumann entropy of reduced density matrix ρ A of a subsystem A S A = −Tr A ρ A log ρ A .
(1.1)
For a quantum field theory, the entanglement entropy is called the geometric entropy as the leading contribution is proportional to the area of the boundary of the subsystem [1, 2] . More generally, with the reduced density matrix, one may define the Rényi entanglement entropy as
It is easy to see that the entanglement entropy and the Rényi entropy are related by
One can also define the Rényi mutual information of two subsystems A and B as From its definition, the Rényi entropy could be calculated via the replica trick [3] . However, this trick leads to the computation of the partition function on a spacetime manifold with nontrivial topology.
For example, in two-dimensional quantum field theory on complex plane, the n-th Rényi entropy of N intervals requires a partition function on a Riemann surface of genus (n − 1)(N − 1). Therefore even though the Rényi entropy is easier than the entanglement entropy, it is still quite hard to compute in practice.
The AdS/CFT correspondence provides an effective tool to study the entanglement and the Rényi entropies. It was firstly proposed by Ryu and Takayanagi [4, 5] that the entanglement entropy of subregion A in a conformal field theory (CFT) could be holographically given by the area of a minimal surface which is homogeneous to A in the dual AdS gravity. This so-called holographic entanglement entropy has been studied intensely since its proposal, see good reviews [6, 7] for complete references.
For the Rényi entropy, it could be calculated holographically in a similar way [8, 9] . Very recently the RT formula or prescription has been proved from various points of view. In [10, 11] the RT formula has been proved in AdS 3 /CFT 2 case. For general case, the RT formula has been shown to be true from the point of view of the generalized gravitational entropy [12] 1 . One essential point in these proofs is to find the gravitational configurations in applying the replica trick. This turns out to be a subtle issue and has not been well-understood in general cases. However, in AdS 3 /CFT 2 case, the bulk gravitational configurations ending on a higher-genus Riemann surface can be constructed explicitly without trouble. Then the Euclidean gravity action of the configuration gives the leading contribution to the holographic Rényi entropy (HRE). Moreover, with the gravitational configuration, the gravitational 1-loop correction has been considered in [15] . This 1-loop quantum correction is essential to the mutual information [16] . From AdS 3 /CFT 2 correspondence for pure AdS gravity, the central charge c = 3l 2G is inversely proportional to the Newton coupling constant G, so the large central charge c limit corresponds to the weak coupling limit in the gravity. Therefore the classical, quantum 1-loop, 2-loop, ... contributions to HRE correspond to the CFT contributions proportional to c, c 0 , 1 c , ..., respectively [8] . It is remarkable that for the two-interval case with a small cross ratio x, the classical and 1-loop contributions to the HRE are in exact agreement with the CFT results up to order x 8 [17, 18] . These facts provide nontrivial support of the holographic computations of the Rényi entropy, not only at the classical level but also at quantum 1-loop level.
On the other hand, the Rényi entropy could be taken as a new window to study the AdS 3 /CFT 2 correspondence. For the two-interval case, the second Rényi entropy is actually the torus partition function, which is usually the first check on the possible correspondence. The higher rank Rényi entropy is in general hard to compute, but could be calculated order by order by using the operator product expansion of the twist operators in the small interval limit [8, [17] [18] [19] [20] . In [17] , we considered the pure AdS 3 gravity and the vacuum Verma module of its CFT dual, and found exact agreements.
Recently such investigation has been generalized to the holographic Rényi entropy for Higher spin gravity/CFT with W symmetry correspondence in [18, 20] . In this paper, we would like to extend our study to the topologically massive gravity with negative cosmological constant (CTMG) [21, 22] and cosmologically new massive gravity (CNMG) [23, 24] , both of which at critical points have been conjectured to be dual to some kinds of CFT under appropriate asymptotic boundary conditions.
In three dimensional (3D) topologically massive gravity (TMG) with a negative cosmological constant, there is a gravitational Chern-Simons term in the action. Off the critical point, there could be a massive fluctuation around the AdS 3 vacuum, besides two massless modes. It turns out that off the 1 For earlier efforts to prove RT formula, see for examples [13, 14] .
critical point the theory is ill-defined due to the negative energy of the massive mode. At the critical points, the theory could be well-defined but becomes chiral after imposing Brown-Henneaux boundary conditions, as the local massive mode becomes degenerate with the left massless mode and the only degree of freedom is a massless boundary graviton. It was conjectured that the chiral gravity is dual to a chiral CFT with only right-mover [25, 26] . However, even at the critical point, there is actually a logarithmic mode [27] [28] [29] , if one does not impose the Brown-Henneaux boundary conditions. Moreover it has been found that there exist another set of consistent boundary conditions to include the logarithmic mode, and the resulting quantum gravity is proposed to be dual to a logarithmic CFT (LCFT) [30] [31] [32] [33] . The lesson is that the quantum gravity is defined with respect to the asymptotic boundary conditions.
Another interesting class of 3D massive gravity is the so-called new massive gravity (NMG). Due to the presence of the higher derivative terms, the theory generically has massive gravitons, similar to CTMG. In this work, we focus on the AdS vacuum, in which NMG is called cosmological NMG (CNMG). For CNMG, there exists a critical point where the massive modes disappear and the logarithmic modes appear [24, 34] . Very interestingly, similar to CTMG, there are more than one set of consistent boundary conditions to define the quantum gravity. In general, one may impose the usual Brown-Henneaux boundary conditions to set up a AdS 3 /CFT 2 correspondence, but at critical point there could be other sets of consistent boundary conditions to include the logarithmic mode(s) [35] .
Therefore at the critical point, there is a CNMG/LCFT correspondence [33, 36] , even though the central charges in this case are vanishing.
In this work, we study the Rényi entropy of two disjoint intervals in the framework of CTMG/CFT correspondence. We show that for a general gravity theory with a AdS 3 vacuum, the classical HRE is similar to the one in pure AdS gravity 5) with the only difference on the sum of the central charges of the dual CFT. For the CTMG, as the sum of the central charges is the same as the pure AdS gravity, so is the classical HRE. However we find that the 1-loop quantum corrections depend on the choice of asymptotic boundary conditions. On the other side, we compute the OPE of twist operators in the small interval limit in the corresponding CFT duals. For the chiral CFT, the computation is relatively easy, but for the logarithmic CFT, we have to treat it carefully. In both the chiral and logarithmic cases, we find that HRE and CFT results are in exact agreement up to order x 6 . We furthermore discuss the holographic Rényi entropy in CNMG at the critical point. In this case, the classical contribution to the entropy is simply vanishing as the central charges are zero, but the quantum corrections are not vanishing. We find agreement in the CNMG/LCFT correspondence as well. Our results support the correspondence between the three-dimensional critical massive gravity and two-dimensional logarithmic CFT.
The remaining of the paper is arranged as follows. In Section 2 we review the fundamental facts on the chiral gravity and log gravity in the context of CTMG. Then we compute the holographic Rényi entropy in CTMG and CNMG at critical points. In Section 3 after introducing the logarithmic CFT and showing how to study the OPE of twist operators in it, we compute the Rényi entropy in the small interval limit carefully. In Section 4, we end with conclusion and discussion. We put some summation formulas into Appendix A.
Note added While we are finishing the manuscript, there appeared a paper [20] , which has some overlaps with Section 2 of the present work.
2 Holographic Rényi entropy in critical massive gravity
We are going to compute the holographic Rényi entropy in cosmological massive gravity at the critical point for two intervals with small cross ratio in CFT. As we are considering the entanglement entropy in the vacuum state of CFT, we focus on the AdS 3 vacuum. The classical solutions found in pure AdS 3 gravity are always the solutions of these theories. Thus the gravitational configurations corresponding to the n-th Rényi entropy are the same as the ones worked out in [11, 15] . They are just the quotient of AdS 3 by the Schottky group. Locally they are diffeomorphic to global AdS 3 , or in other words they satisfy the relations R µν = 1 3 g µν R = − 2 l 2 g µν with l being the AdS radius. The tree level contribution comes from the Euclidean action of the configurations, including the boundary terms. Here we may consider a quite general 3D gravity theory with a AdS 3 vacuum. Let us start from the Euclidean action
and forget about the gravitational Chern-Simons terms for a while. The boundary term I bndy is not essential in the following discussion. The AdS 3 vacuum is of the radius l, which should be determined from the equation of motion of the theory. In Euclidean gravity, the vacuum becomes a hyperbolic space H, whose metric could be written in terms of Poincaré coordinates as
The boundary of H is a Riemann sphere at z = 0. The boundary of the above mentioned gravitational configurations are Riemann surfaces, which could be taken as the quotients of the Riemann sphere by the Schottky groups.
The bulk action for any gravitational configuration above is
where L m is the value of the Lagrangian density at the AdS vacuum, and is a constant. This action is obviously divergent and needs regularization. The standard way is to introduce a plane at z = ǫ.
Then the quadratic divergence could be cancelled by the boundary action, i.e.
where g is the genus of the Riemann surface at the boundary. The logarithmic term could not be canceled by a local counter term. It is actually related to the Weyl anomaly of a Riemann surface of genus g [37] . This allows us to determine the central charge of the dual CFT
which has been found from another point of view in [38] . More interestingly, it turns out that the regularized action I ǫ is related to the Liouville action of the Riemann surface [39] . A careful study along the line in [11] shows that the regularized action could be expressed in terms of the accessory parameters characterizing the Schottky uniformization,
where γ i is fixed by the monodromy problem of an ordinary differential equation. Therefore for any 3D gravity with a AdS 3 vacuum, the classical HRE could be determined by this formula. The only difference is on the central charge.
If the theory includes the gravitational Chern-Simons term, it does not change the above argument.
The presence of the CS term may induce diffeomorphism anomaly in the stress tensor, but the sum of the central charges are invariant [40, 41] . As a result, the above relation should be modified a little bit 
For CTMG theory, the sum of the central charges are the same as the pure AdS 3 vacuum. Thus the classical HRE is the same as the one in pure AdS 3 gravity.
Note that the above discussion has nothing to do with the choice of the asymptotic boundary conditions. And the result is true for any AdS 3 vacuum, not restricted to the critical points. Therefore the classical HRE takes a universal form, depending only on the central charges.
For the 1-loop correction to the HRE, the situation is more complex. We have to consider all the possible fluctuations around the gravitational configurations. As these configurations are locally diffeomorphic to AdS 3 , we can study the linearized equation around the AdS vacuum to read the fluctuations. Another closely related subtle issue is the imposing of asymptotic boundary conditions, since different boundary conditions define different quantum gravities and their CFT duals. In this section, we discuss two kinds of massive gravity theories at the critical points and the 1-loop correction to the holographic Rényi entropy in these theories.
CTMG at critical point
The topologically massive gravity (TMG) has been studied for a long time. From the view of AdS/CFT, the CFT dual to CTMG has different central charges on the left and right sector due to the existence of diffeomorphism anomaly. The action of CTMG is
Here l is AdS radius and G is the Newton constant. We follow the convention that G is positive and µl ≥ 1 such that the energy of the BTZ black hole is positive and the central charges are always positive. The AdS 3 spacetime is the solution of CTMG
The linear fluctuations around the AdS 3 vacuum obey a third order differential equation. As a result if µl = 1, there are two massless boundary gravitons h L , h R and a local massive graviton h M . When µl = 1, the local massive mode becomes degenerate with the left massless mode so that the only degree of freedom could be the right massless boundary graviton h R . However, there is actually a new mode at critical point µl = 1, defined by
This mode has component that increases linearly when ρ goes to infinity, so it is called logarithmic mode [29] . It satisfies the linearized equation as well, and moreover carries negative energy.
Quantum gravity in AdS 3 is defined with respect to the asymptotic boundary conditions. For CTMG, one may impose the Brown-Henneaux asymptotically boundary conditions [42] 
Accordingly, the generator of asymptotic symmetry group (ASG) is [26] Q ∼ 1 + 1 µl
This set of boundary conditions is well-defined for generic value of µl, and leads to two copies of Virasoro algebra with the central charges
At the critical point µl = 1, the generator becomes
There is only one set of Virasoro algebra, corresponding to the right-moving sector of a CFT. Note that the Brown-Henneaux boundary conditions exclude the logarithmic mode. Therefore the CTMG theory becomes a chiral gravity at the critical point. It could be holographically dual to a chiral CFT with pure right sector [25] 
On the other hand, one can impose another set of consistent boundary conditions to include the logarithmic mode [30, 31] . To make the right-moving charge be well defined, the boundary conditions
under which the left-and right-moving charges Q L and Q R are both finite. Even though the logarithmic mode carries negative energy, the CTMG including such mode is conjectured to be dual a logarithmic CFT with the same central charges (2.16).
In the log gravity, using the method of heat kernel [43, 44] , one can read the 1-loop partition
The first part being the product over r is the contribution from massless boundary gravitons, while the remaining part is the contribution from the logarithmic mode. According to [15] , the on-shell 1-loop partition function could be log Z
1−loop
Here P is a set of representatives of primitive conjugacy classes of the Schottky group Γ. And the q γ is one of the two eigenvalues of the matrix γ ∈ Γ with the condition that |q γ | < 1. We consider the case of two short intervals on complex plane with small cross ratio. Using the conformal invariance, we can map the subsystem to [15] , and the cross-ratio will be
(2.20)
To the order of x 6 , we only need the so-called consecutively decreasing words (CDWs)
The Then the 1-loop Rényi mutual information for the TMG as log gravity is
It is remarkable that the 1-loop contributions from the massless graviton and the logarithmic mode are the same at the first two leading orders, i.e. at order x 4 and x 5 . The difference between these two modes appears first at order x 6 . This requires us to study the quasiprimary operators to level six, in order to see this difference in CFT.
For the chiral gravity, the computation is relatively easier. By imposing the Brown-Henneaux boundary conditions, the logarithmic mode should be truncated such that the 1-loop partition function of the chiral gravity takes the form [31]
Note that this is different from the result in pure AdS 3 gravity since due to the enhanced gauge symmetry there is only one massless graviton in the chiral gravity. For the 1-loop HRE, we get half of the result in [15] , i.e. half of (2.22).
Critical CNMG
The action of NMG can be written as
where λ is a dimensionless cosmological constant, σ is the sign of the Einstein-Hillbert term and m is the mass parameter. Up to the values of the parameters, there are various vacua in NMG [24] . Here we focus on the so-called CNMG with AdS 3 as a vacuum. The AdS radius is determined by the real
In general, there are two massless boundary gravitons h L , h R , and two local massive gravitons h m± . At the critical point [34] 27) the massive modes h m± coincide with the massless modes h L and h R , and there appear the left-and right-moving logarithmic modes h log L and h log R [35, 36] . For CNMG, the Brown-Henneaux boundary conditions (2.12) are always well-defined. The corresponding ASG has the central charges
At the critical point 2m 2 l 2 = −σ, both the central charges of CNMG are zero [34] . Moreover, similar to the CTMG case, there exists another set of consistent boundary conditions at the critical point to include both the left-and right-moving logarithmic modes
Actually, as discussed carefully in [35] , there are two other sets of consistent boundary conditions, which include left or right logarithmic mode respectively. In all these cases, the conserved charges are well-defined, though the central charges are vanishing. In this work, we are interested in the CNMG with both of the logarithmic modes.
The holographic Rényi entropy in the CNMG is subtle due to the presence of higher derivative terms in the action. In [45] , the holographic entangle entropy for one interval has been discussed. The tree level contribution is proportional to the central charge of possible dual CFT, in match with the CFT prediction. This is true for general n-th Rényi entropy from our discussion at the beginning of this section. As the central charges of the CNMG at the critical point is zero, the classical HRE is zero accordingly. However, the 1-loop correction is nontrivial as there are various fluctuations around the configurations.
It is straightforward to calculate the 1-loop Rényi entropy of CNMG at the critical point. As the 30) and then the 1-loop Rényi mutual information is 
1-loop partition function of CNMG is [33]
Z 1−loop N M G = ∞ r=2 1 |1 − q r | 2 ∞ m=2 ∞ m=0 1 1 − q mqm ∞ p=0 ∞ p=2 1 1 − q pqp ,(2.I 1−loop n,N M G = I 1−loop n,GR + 2I 1−loop n,log ,(2.
Rényi entropy in LCFT
In this section, we investigate the computation of the Rényi entropy in the logarithmic conformal field theory (LCFT). We first show how to realize the c = 0 LCFT by introducing extra primary field into an ordinary CFT and taking c → 0 limit. Accordingly we discuss how to construct the quasiprimary operators in this realization. After introducing the OPE of twist operators in the small interval limit in LCFT, we calculate the Rényi mutual information of two disjoint intervals with a small cross ratio x to order x 6 and find agreement with the classical and 1-loop HRE in bulk gravity theories. Moreover, we read the 2-loop correction to HRE, which shows some novel features. The usual way to study LCFT is just adding a nilpotent part to the conformal weight of the primary field [49, 50] . One can use this nilpotent formalism to rewrite the correlation functions in the LCFT. However, there is another approach to describe the LCFT when the central charge c = 0. It could be taken as the limit of an ordinary CFT with varying central charge c [47, 48, [51] [52] [53] [54] [55] . In the following we will use the convention in [48] .
Basics of LCFT
The LCFT dual to the log gravity in CTMG has vanishing holomorphic central charge c = 0 but nonvanishing antiholomorphic central chargec = 0, and only its holomorphic part is logarithmic. It could be viewed as the c → 0 limit of a normal CFT. The normal CFT has the stress tensor T (z)
andT (z) with central charges (c,c), as well as a primary operator X(z,z) with conformal weights (h,h) = (2 + ǫ(c), ǫ(c)). The scaling dimension ∆ and the spin s of the primary field are respectively ∆ = h +h = 2 + 2ǫ(c),
There is the relation
in which the constant b is called the new anomaly. For the LCFT dual to the log gravity there is [32] 
The operator X could be normalized such that
where z ij ≡ z i − z j , and
Note that the monodromy of the two-point function requires that s must be an integer or a half integer. As usual there are two-point functions
The logarithmic partner of T (z) is defined as
Then one can take the limit c → 0 and get the two-point funtions of the LCFT [48] T (z 1 )T (z 2 ) = 0, (3.8)
Note that the constant B 1 can be set to zero with a redefinition of t, and we will adopt B 1 = 0 hereafter. In the calculation below we will also need the three-point functions [48] T
The structure constant is
Note that only when s is an even integer can we have C XXX nonvanishing.
The LCFT dual to the critical NMG is a little different to the one dual to the log gravity. In this case, both the holomorphic and antiholomorphic central charges of the LCFT are zero. And now the new anomaly is [36] 
The LCFT can be viewed as the c → 0 limit of a normal CFT with equal holomorphic and antiholomorphic central charges c =c. However, besides the primary operator X(z,z) introduced above, another primary operatorX(z,z) with holomorphic and antiholomorphic conformal weights (h, h) = (ǫ(c), 2 + ǫ(c)) has to be taken into account. Note that the holomorphic conformal weight of X(z,z) is exactly the antiholomorphic conformal weight of X(z,z), and vice versa. ThusX has the same scaling dimension but opposite spin to X. ForX we have the correlation functions 14) whereX is normalized the same as X such that αX = α X , and also CXXX = C XXX . There are also the three-point functions
with
The logarithmic partner t(z,z) of T (z) is defined the same as (3.7), and the logarithmic partnert(z,z)
Short interval expansion of Rényi entropy
In 2D CFT, the Rényi entropy of single interval with length ℓ is proportional to its central charge [56, 57] S n = c
with ǫ being the UV cutoff. The computation of Rényi entropy of N intervals are much more complicated since we need to calculate the 2N point function of twist operators in a orbifold CFT. In this orbifold CFT, we need to make n copies of the original CFT, so for simplicity we call this orbifold CFT as CF T n . In this work, we focus our attention on the case of two disjoint intervals.
If the two intervals are far away, we can use the method of operator product expansion (OPE) of the twist operators at the ends of one interval [8, 17, 19] . The nontrivial boundary conditions for CF T n could be replaced by the insertions of twist operators at the boundaries of all the intervals.
The OPE of one twist operator and one antitwist operator can be written as
where c n is a constant number and not important in our computation later. The summation K is over all the independent quasiprimary operators of CF T n . The coefficients a
with C p h K +p−1 , · · · being the binomial coefficients. Both the twist and antitwist operators σ,σ have the conformal weights [56, 57] 
The coefficients d K could be read from the one-point function of the corresponding quasiprimary operator [17, 19] 
Here ℓ is the length of the single interval of the Riemann surface R n,1 . The quasiprimary operator Φ K of CF T n has conformal weight (h K ,h K ), and it is normalized as
In the case of two intervals with small cross ratio x, as discussed in [17, 18] , the partition function of
For a concrete CFT, we need firstly find the quasiprimary operators level by level and determine the corresponding normalization factors α K and the coefficients d K , then sum over all the contributions according to the relation (3.24). It is easy to see that in the small interval limit, the contributions from the quasi-primiary operators with higher levels are suppressed by power.
In the following we will compute the Rényi mutual information in LCFT. Our strategy is to compute it in the normal CFT with extra primary field(s). The essential point is that we must take into account of the quasiprimary operators from the primary field X, besides the ones from vacuum Verma module. At the end of computation we take the c → 0 limit to read the mutual information.
Another related subtle issue is on the large central charge limit. In the LCFT at hand, as at least one central charge is zero, the usual large central charge limit seems break down. Nevertheless, in taking c → 0 limit, we find that the result could be effectively classified in terms of the power of 1/|b|, rather than 1/c. As the anomaly b is finite and inversely proportional to Newton constant G, 
LCFT dual to critical CTMG
As a warmup, let us first discuss the holographic Rényi entropy in the chiral gravity. The chiral gravity is defined with respect to the Brown-Henneaux boundary conditions (2.12). As the gauge symmetry at the chiral point is enhanced, we actually have only one massless boundary graviton. Therefore the chiral gravity is conjectured to be dual to a chiral CFT with only right-moving sector. In this picture, the anti-holomorphic stress-tensor corresponds to the massless graviton. Consequently in computing the 1-loop Rényi entropy using the short interval expansion, we only consider the quasiprimary operators in the anti-holomorphic sector, and find that the Rényi mutual information is just half of the result in [17, 18] . It is in exact agreement with the bulk result, i.e. half of the result in [15] .
The CTMG at critical point with the asymptotic boundary conditions (2.17) includes two massless boundary graviton and one logarithmic mode. It was conjectured to be dual a logarithmic conformal field theory with the central charge c = 0,c = 0. Correspondingly on the CFT side, we not only consider the stress tensors in the left-and right-moving sectors T (z),T (z), but also another pseudo energy momentum tensor t(z,z). In order to compute the Rényi entropy, we need to know the quasiprimary operators in the theory, including the ones from pseudo energy momentum tensor. However, instead of working with the pseudo energy tensor directly, we take the picture that the logarithmic conformal field theory is the limit of a normal conformal field theory as described in the previous subsection.
Therefore, we must consider the quasiprimary operators from the primary field X, along with the ones from vacuum module.
The quasiprimary operators from vacuum module has been studied carefully in [17, 18] . Here we just list the holomorphic quasiprimary operators to level six in Table 1 . In the table, the operators are respectively
Their normalization constants α K 's are respectively
and the coefficients d K 's are respectively
Apart from the quasiprimary operators of CF T n constructed by the operators in the vacuum conformal family, we also need the ones constructed in terms of X. To level six the additional quasiprimary operators we need are listed in For the normal CFT we have 29) with the normalizations
For the CF T n we have 32) where the factor i 4s = (−1) 2s aries from the possible sign when X is an fermionic operator. Note that there is always i 8s = 1. The coefficients d K for these quasiprimary operators are respectively
Here we have defined s j 1 j 2 ≡ sin
, · · · for simplicity. Note that the formulas (3.32) and (3.33) are general and apply to any nonchiral primary operator X(z,z).
Taking the limit c → 0, we find
Taking into account of all the contributions, we find the Rényi mutual information
The tree part is
and this is in accord with the bulk result (2.8). Asc = The terms proportional to 1/b come from the holomorphic part, and the term proportional to 1/c comes from the antiholomorphic part. In other words, in the antiholomorphic sector the expansion is still in powers of 1/c, while in the holomorphic sector the expansion should be in terms of 1/|b|.
Since both 1/c and 1/|b| are proportional to Newton constant G, these terms correspond to the 2-loop correction to HRE in the bulk. As usual, when n = 2, the 2-loop terms are all vanishing, indicating the fact that the dual bulk partition function on genus 1 Riemann surface is exact. Moreover there appear several novel terms in the holomorphic sector. There is a logarithmic term x 6 log x, which is reminiscent of the logarithmic term in the correlators. And there is a term proportional to log(2n), which is not expected in usual CFT. Besides, the summation involves the logarithmic function as well, and the result cannot be written as a polynomial of n. All these terms could be related to the logarithmic nature of CFT.
From our computation, we can figure out that the contribution proportional to the central charge comes only from the vacuum stress tensor. It gives the tree level contribution in the bulk. In LCFT, the operator X(z,z) is primary, and the corresponding conformal family has no additional contribution at the tree level. However, at the 1-loop level, both vacuum module and primary field contribute, in accord with the fact in the bulk computation both massless graviton and logarithmic mode give 1-loop corrections.
LCFT dual to critical CNMG
For the CNMG at critical point with the asymptotic boundary conditions (2.29), it has two massless gravitons and two logarithmic modes, and holographically dual to a logarithmic conformal field theory with the central charge c =c = 0. In this case, there are two pseudo energy momentum tensor operators t(z,z) andt(z,z). To calculate the partition function of CF T n in this case, we need to consider not only the quasiprimary operators constructed by the operators of vacuum conformal family and X conformal family, but also the ones constructed by the operators ofX conformal family and the ones from the mixing of different conformal families. The quasiprimary operators constructed using the operators in conformal family of X has been listed in Table 2 , and the ones constructed using the operators in conformal family ofX is listed in Table 3 . For the normal CFT we havē (2 + 2ǫ(c), 4 + 2ǫ(c)) T j 1X j 2X j 3 with j 1 = j 2 , j 1 = j 3 and j 2 < j 3 n(n−1)(n−2) 2 (2ǫ(c), 6 + 2ǫ(c))T j 1X j 2X j 3 with j 1 = j 2 , j 1 = j 3 and j 2 < j 3 and for the CF T n we havē
Moreover we need to consider the two quasiprimary operators listed in Table 4 .
For the quasiprimary operators in Table 2 , only two relations in (3.34) change
It can be seen easily that the operators in Table 3 contribute the same as the ones in Table 2 .
For the operator X j 1 X j 2X j 3 in Table 4 , we find 42) and when c → 0 we have
Similarly whenc → 0 we have
So the operators in Table 4 do not contribute to the Rényi entropy.
Taking all the contributions into account, we can read the Rényi mutual information
The tree part is vanishing I tree n,N M G = 0, as we expected. The 1-loop part is which match the gravity result (2.31) exactly. The 2-loop part is 47) which is the double of the 2-loop result in the holomorphic sector in (3.38).
Conclusion and discussion
In this paper we investigated the Rényi entropy of two disjoint intervals with small cross ratio x in the AdS 3 /LCFT 2 correspondence. The quantum gravity in AdS 3 is defined with respect to the asymptotic boundary conditions. For CTMG at the critical point, we may impose the Brown-Henneaux boundary conditions or the logarithmic boundary conditions to include or exclude the logarithmic mode. We showed that the classical actions of the gravitational configurations for the Rényi entropy are the same as the ones in pure AdS 3 gravity, and computed carefully the 1-loop corrections from various fluctuations in both the chiral gravity and the log gravity. For the CNMG at the critical point, there
are different boundary conditions to allow one or two logarithmic modes. As the central charges are vanishing, the classical gravitational action are expected to be vanishing, but the 1-loop corrections could be computed in various cases. In computing the 1-loop Rényi entropy, we used the method of Schottky uniformization and summing over the representative of primitive conjugacy classes of Schottky group.
The other part of this work was to compute the 1-loop Rényi entropy in LCFT. In the cases at hand, the central charge of the LCFT in at least one sector is vanishing. Such LCFT could be taken as a limit of ordinary CFT. In doing so, another primary operator X(z,z) with conformal weight (2+ǫ(c), ǫ(c)) has to be introduced, if the central charge in holomorphic sector is vanishing. Therefore, in discussing the OPE of the twist operators in the short interval limit, we must take into account of the quasiprimary operators from this primary operator, besides the usual ones from vacuum Verma module. We constructed all the quasiprimary operators up to level 6 and computed their contributions to the Rényi entropy. We found that the contributions proportional to the central charges come only from the vacuum Verma module. In the chiral gravity and log gravity case, these contributions are the same as the ones in pure AdS 3 gravity, as we expected. The subleading corrections that are independent of the central charges include the contributions from both the vacuum module and primary operators. To order x 6 , they are in exact match with the gravitational result in all the cases.
These agreements provide further support for the massive gravity/CFT correspondence.
It is remarkable that the small interval expansion in our discussion has reached to order x 6 . Our motivation is two-fold. On the CFT side, the possible 2-loop corrections appear firstly at order x 6 . This is of particular interest for the LCFT with c = 0 as naive 2-loop correction is proportional to 1/c and thus might be divergent. On the gravitational side, the massless gravitons and logarithmic modes have the same contributions to order x 5 . Their difference appears at order x 6 as well. Therefore the exact agreement between two sides at 1-loop level at order x 6 is highly nontrivial. Moreover, our investigation also shows new feature in the possible 2-loop correction to HRE in the gravity with logarithmic mode. First of all, even though the central charge c is vanishing, the 2-loop correction is not divergent. In this case, the expansion parameter is not 1/c, but instead another new parameter 1/|b| which is finite and proportional to the Newton constant G. Secondly, there are some novel terms appearing in the 2-loop contributions. One such term is proportional to x 6 log x, which is reminiscent of the logarithmic term in the correlator in LCFT. It would be nice to understand these terms from direct computation in gravity.
It would be illuminating to reconsider the tree-level contribution to HRE from our study. On the CFT side, such contribution comes purely from the vacuum Verma module, as the information on the central charges is encoded in the stress tensors. Therefore it could be read easily with the computations in [17, 18] . Actually such a treatment applies to all kinds of CFT, including the cases with different left-and right-central charges. In usual CFT, the left-and right-sectors are decoupled and their contributions from the vacuum Verma module are quite similar. As a result, one find that the tree-level contributions always take the similar form, up to the sum of the central charges. This has several nontrivial implications if gravity/CFT correspondence is correct. Firstly, for the AdS 3 vacuum in various 3D gravity theories, the classical Rényi entropies should differ from the ones in pure AdS 3 only by an overall factor, confirming our conclusion in Section 2. Secondly, for the warped AdS 3 vacuum, the holographic Rényi entropies should be proportional to the ones for pure AdS 3 .
From gravitational point of view, there is no good reason to believe this indication. Therefore this raises a serious challenge to the warped AdS 3 /CFT 2 correspondence.
In [33] , the 1-loop thermal partition function of the CTMG can be expressed as
LCF T + multi-particle contribution. (4.1)
Because of the pseudo energy tensor t(z,z), the logarithmic CFT for CTMG is not chiral and has multi-particle contribution. The Z 0 LCF T is
(4.2)
After we expand this one and compare with (2.18), we find that the multi-particle contribution appears from order q 4 . In the view point of Rényi entropy, beyond the order x 8 , the multi-particle contribution appears. Therefore this opens another window to study LCFT.
The recent study in [18, 20] discussed the HRE for the CFT with W symmetry. In this case, computing HRE should include the higher spin fluctuations. In [58, 59] , the topologically massive higher spin gravity has been constructed, it would be nice to investigate the holographic Rényi entropy in this case.
and explicitly we need 
